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We study a three loop induced neutrino mass model with exotic vector-like isospin
doublet leptons which contain a dark matter candidate. Then we explore lepton
flavor violations, and dark matter physics in co-annihilation system. In this paper
the nearly degenerate Majorana fermion dark matter can naturally be achieved at
the two loop level, while the mass splitting can be larger than O(200) keV which
is required from the constraint of the direct detection search with spin independent
inelastic scattering through Z boson portal. As a result a monochromatic photon
excess, its threshold energy is greater than O(200) keV, is predicted in our model
that could be measured through indirect detection experiments such as INTEGRAL.
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2I. INTRODUCTION
If the active neutrino could be related to new physics beyond the standard model (SM) such
as dark matter (DM) candidate within TeV scale, it could be verifiable models through various
experiments in the near future. In this sense, radiative seesaw models could be one of the natural
realization of the tiny neutrino mass at TeV energy scale involving DM. Along this line of ideas,
a vast paper has been arisen in Refs. [1–105].
In this paper, a three loop induced neutrino mass model is studied where we analyze lepton
flavor violations, and dark matter physics in co-annihilation system. To generate active neutrino
mass, we introduce extra SU(2)L doublet leptons whose neutral component can be a DM candidate.
For each doublet, we have two neutral Majorana fermions with degenerate mass at the tree level
since the extra leptons are introduced as vector-like, which is highly constrained by direct detection
search of DM due to Z boson exchanging process. The splitting of neutral fermion mass degeneracy
can naturally be achieved at the two loop level by introducing extra isospin singlet charged scalar
fields. As a result, a monochromatic photon excess could be measured through indirect detection
experiments such as INTEGRAL [106] at 511 keV photon emission energy where its threshold
energy is greater than O(200) keV [107]. Here the lower limit of the energy comes from the
constraint of the direct detection search with spin independent inelastic scattering through Z
boson portal. Also we discuss the way to increase the mass difference between these degenerated
masses at the two loop level through Zee-Babu type diagram. Since this mass is proportional to
the charged lepton masses, the natural scale is the active neutrino masses O(0.1− 1) eV, which is
ruled out by the direct detection searches. To evade the problem, we introduce additional isospin
singlet charged bosons with the same quantum number as the original field contents. Then the
degenerated mass scale can achieve the order O(200) keV. However, the muon anomalous magnetic
moment is also negatively enhanced by this effect. Here we also discuss the way to evade this
constraint.
This paper is organized as follows. In Sec. II, we show our model building including Yukawa
and Higgs sector. In Sec. III we discuss phenomenology of the model such that mass formulations,
and analysis of the DM physics. We conclude and discuss in Sec. IV.
3Fermion LL eR L′
(SU(2)L, U(1)Y) (2,−1/2) (1,−1) (2,−1/2)
Z2 + + −
TABLE I: Lepton sector, where the three flavor index for each field LL, eR and L
′ is abbreviated.
Boson Φ h+i k
++
i S
(SU(2)L, U(1)Y) (2, 1/2) (1, 1) (1, 2) (1, 0)
Z2 + − + −
TABLE II: Boson sector: i runs 1 to N.
II. THE MODEL
In this section, we explain our model . For the fermion sector, we introduce SU(2)L doublet
exotic leptons (L′) with three flavors to the SM leptons (LL,eR), as we summarize in Tab. I. For the
boson sector, we introduce a SU(2)L singlet inert scalar (S), SU(2)L isospin singlet singly charged
scalars (h±i )and doubly-charged scalars (k
±±
i ) to the SM Higgs boson (Φ), as we summarize in
Tab. II. Z2 symmetry plays an role in our radiative neutrino model at the three loop, and assures
the stability of the dark matter candidates L′ and/or S. Φ develops a VEV (denoted by v/
√
2)
after breaking the SU(2)L symmetry.
The renormalizable Lagrangian for Yukawa sector and scalar potential under these assignments
are relevantly given by
−LY =(yℓ)ijL¯LiΦLeRj + (fR)ijL¯LiL′RjS +
N∑
a=1
(
(fL)
a
ijL¯
′
Li
iτ2L
C
Lj
h−a + g
a
ij e¯
C
i ejk
++
a
)
+ (ME)iL¯
′
Li
L′Li + c.c.,
(II.1)
V =−m2Φ|Φ|2 −
N∑
a=1
(
m2ha |h+a |2 +m2ka |k++a |2
)−m2S(S2 + c.c.)−m′2S |S|2 −
N∑
a,b,c=1
µabc(h
−
a h
−
b k
++
c + c.c.)
+ λΦ|Φ|4 +
N∑
a,b,c,d=1
(
λhabcdh
+
a h
+
b h
−
c h
−
d + λkabcdk
++
a k
++
b k
−−
c k
−−
d
)
+ λhabkcdh
+
a h
−
b k
++
c k
−−
d
+ λS(S
4 + c.c.) + λ′S|S|4 + λ′′S|S|2(S2 + c.c.) + λΦS|Φ|2(S2 + c.c.) + λ′ΦS|Φ|2|S|2
+
N∑
a,b=1
(
λΦhab|Φ|2h+a h−b + λΦkab|Φ|2k++a k−−b + λhabSh+a h−b (S2 + c.c.) +λ′habSh+a h−b |S|2
+λkabSk
++
a k
−−
b (S
2 + c.c.) + λ′kabSk
++
a k
−−
b |S|2
)
, (II.2)
4where we define S = (SR + iSI)/
√
2, τ2 is a second component of the Pauli matrix, the index i(j)
runs 1-3, and ME can be diagonal without loss of the generality. Notice here that g should be
symmetric matrix. We work on the basis where all the coefficients are real and positive for our
brevity. We parametrize these scalar fields as
Φ =

 φ+
φ0

 , φ0 = 1√
2
(v + h + ia), (II.3)
where h is the SM-like Higgs, and v is related to the Fermi constant GF by v
2 = 1/(
√
2GF ) ≈ (246
GeV)2. The VEV of Φ is derived from the tadpole condition ∂V/∂v = 0 such that v2 ≃ m2Φ
λΦ
.
After the electroweak symmetry breaking, we have massive gauge bosons W± and Z by which
the NG bosons φ± and a are absorbed respectively. Each of scalar boson mass eigenvalue is
straightforwardly obtained by the potential where we adopt these masses as a free parameters in
our analysis below. The charged lepton sector is the same as the SM lepton, that is, the charged
lepton mass is given by the term of yℓ after the electroweak symmetry breaking.
The exotic vector-like SU(2)L doublet L
′ is given as follow:
L′L(R) ≡

 N
E−


L(R)
. (II.4)
The mass term of L′ is given by ML(E¯
−
LE
−
R + N¯LNR) at the tree level. The mass difference of
E− and N is induced at the one-loop level via gauge interaction where the mass of E− becomes
heavier by O(300) MeV for ML ∼ 1 TeV [108, 109]. For neutral component, we have Majorana
fermions NL and N
c
R. Then its mass matrix in the basis of [NL, N
c
R] is given by
MN =

 δm ML
ML 0

 , (II.5)
where δm(<< ML) is induced at the Zee-Babu type of two-loop level [3], and we assume to be
one generation case with positive real for our simple analysis. Here the loop function is the same
as the Zee-Babu model. MN is diagonalized by 2 × 2 unitary mixing matrix VN as VNMNV TN
≈ diag.(ML− δm/2,ML + δm/2) ≡ diag.(MN1 ,MN2), where we assume that VN is approximately
a maximal mixing as follow:
VN ≈ 1√
2

 i −i
1 1

 , (II.6)
5then one finds our Majorana fields ψ1 and ψ2, by redefining ψ1 ≡ N1+N c1 and ψ2 ≡ N c2 +N2 [87].
The lighter field ψ1 can be a stable DM candidate and ψ2 can be a meta-stable DM candidate ,
but the mass difference between them is tiny because δm is generated at the two loop level. Thus
we take account of the co-annihilation system including ψ1, ψ2 and E
− to obtain the relic density.
III. PHENOMENOLOGY OF THE MODEL
In this section, we carry out phenomenological study of our model such as active neutrino mass,
lepton flavor violation and dark matter, based on the set up discussed in the previous section.
A. Active neutrino mass
The active neutrino mass matrix is generated at the three-loop level, but we compute the mass
insertion method. Therefore the mass matrix is effectively induced at the one-loop level as follows:
(mν)ab = −
3∑
j=1
(fR)ajδmj(fR)bj(m
2
SR
−m2SI )M2Lj
(4π)2M4max
F1(XLj , XSR, XSI ), (III.1)
F1(XLj , XSR, XSI ) ≡
∫
dxdydz
xδ(x+ y + z − 1)
(xXLj + yXSR + zXSI )
2
, (III.2)
where we define Xf ≡
(
mf
Mmax
)2
and Mmax ≡ Max[MLj , mSR, mSI ].
Then (mν)ab is diagonalized by the Maki-Nakagawa-Sakata mixing matrix VMNS (MNS) as
(mν)ab = (V
∗
MNSDνV
†
MNS)ab, Dν ≡ (mν1 , mν2 , mν3), (III.3)
VMNS =


c13c12 c13s12 s13e
−iδ
−c23s12 − s23s13c12eiδ c23c12 − s23s13s12eiδ s23c13
s23s12 − c23s13c12eiδ −s23c12 − c23s13s12eiδ c23c13

 , (III.4)
where we neglect the Majorana phase. The following neutrino oscillation data at 95% confidence
level [110] is given as
0.2911 ≤ s212 ≤ 0.3161, 0.5262 ≤ s223 ≤ 0.5485, 0.0223 ≤ s213 ≤ 0.0246, (III.5)
|m2ν3 −m2ν2 | = (2.44± 0.06)× 10−3 eV2, m2ν2 −m2ν1 = (7.53± 0.18)× 10−5 eV2,
where we assume one of three neutrino masses is zero with normal ordering in our analysis below.
To achieve the numerical analysis, we apply the Casas-Ibarra parametrization [111] to our form.
Thus the Yukawa coupling fR is rewritten as
fR = V
∗
MNS
√
DνO
√
R, (III.6)
6Process (i, j) Experimental bounds (90% CL)
µ− → e−γ (2, 1) Br(µ→ eγ) < 5.7 × 10−13
τ− → e−γ (3, 1) Br(τ → eγ) < 3.3× 10−8
τ− → µ−γ (3, 2) Br(τ → µγ) < 4.4× 10−8
TABLE III: Summary of ℓi → ℓjγ process and the lower bound of experimental data [? ].
where O, which is an complex orthogonal matrix, and R, which is a diagonal matrix, are respec-
tively formulated as
O =


0 0 1
cosα sinα 0
− sinα cosα 0

 , α is a complex parameter, (III.7)
and
Rjj =
δmj(m
2
SR
−m2SI )M2Lj
(4π)2M4max
F1(XLj , XSR, XSI ). (III.8)
Notice here that we assume the lightest neutrino mass is zero and the neutrino mass spectrum is
normal hierarchy without Majorana and Dirac phase in the numerical analysis below for brevity.
The simplification of the mixing matrix O is the direct consequence of its massless neutrino for
the first generation.
Lepton flavor violation processes: We have the lepton flavor violations such as ℓi → ℓjγ, 1
and each of flavor dependent process has to satisfy the current upper bound, as can be seen in
Table III. Notice here that µ→ eγ process gives the most stringent upper bound. Our branching
fraction is given by
Br(ℓi → ℓjγ) = 3αem
64πGF
2 |Gij |2 , (III.9)
Gij ≡
∑
k=1−3
(fR)i,k(f
†
R)kj
[
F2
(
m2SR
M2Lk
)
+ F2
(
m2SI
M2Lk
)]
, (III.10)
F2(x) ≡ 1− 6x+ 3x
2 + 2x3 − 6x2 ln x
6(1− x)4 , (III.11)
where GF ≈ 1.1× 10−5[GeV−2] is Fermi constant, and αem ≈ 1/137 is the fine-structure constant.
1 However there exist ℓ−i → ℓ−j ℓ+k ℓ−ℓ processes at the one-loop level, we neglect them since they are subdominant
processes [112].
7Numerical results: Now we discuss the numerical solutions to satisfy the neutrino oscillation
data and the LFV constraints. Here we randomly select the values of these parameters within the
following ranges:
ML1 = (100 GeV, 2000 GeV) ,ML2,3 = (ML1 , 2000 GeV) , mSR = (ML1 , 2000 GeV) ,
mSI = (ML1 , 2000 GeV) , δm = (200 keV, 400 keV) , (III.12)
where all the elements of fR is taken to be fR <
√
4π as the perturbative limit, and 105 sampling
points are our examinations to search for our allowed parameters. We find that 386 solutions over
all the range that we take, and all the typical absolute order of fR is O(0.01).
B. Estimation of the scale δm
In this section we estimate the scale of δm that is generated at the two-loop level through the
Zee-Babu like diagram, where we assume that all the off-diagonal elements for related Yukawa
couplings (fL and g) are zero. Thus we can evade any kinds of LFV processes, even when we take
rather larger values of diagonal Yukawa couplings. Then the mass formula is given by
δm ≈ 8N
3µf 2Lgm
2
τ
(4π)4m2k±±
F3(X), (III.13)
F3(X) ≡
∫ 1
0
dx
∫ 1
0
dα
∫ 1−y
0
dy
∫ 1−α
0
dβ[(y2 − y)αX − β(xX + y)]−1, (III.14)
where X ≡ (mh±/mk±±)2, mτ (= 1.776 GeV) is the tau lepton mass, and neglect the masses of
the charged leptons in the loop function F3(X). We assume mh1 = mh2 = · · ·mh, mk1 = mk2 =
· · ·mk, f 1L = f 2L = · · · fL and g1 = g2 = · · · g. Then it simplifies F3(X) ≈ 1/X . The important
constraint comes from the inelastic direct detection searches via Z boson portal that suggests that
O(200 keV) . δm. Also considering the correction bound for the charged boson masses, the
trilinear coupling µ can roughly be restricted as µ . (4π)Min[m±h , m
±±
k ] [21]. Here we assume
m±±k << m
±
h for our convenience and adopt the upper limit of the trilinear coupling µ in the
following analysis. Moreover, we hereafter fix the mass of k±± to be m±±k ≈ 700 GeV which
is sufficiently larger than the lowest bound by doubly charged scalar search at the LHC [113].
Applying these requirements to the mass formula, we obtain the following relation
0.05Xmk±±[GeV]
m2τ
. (NY )3 →
[
0.05Xmk±±[GeV]
m2τ
]1/3
. NY, (III.15)
where we assume Y ≡ fL = g for brevity. In this case we have to be careful of the fact that
the N negatively enlarges the (g − 2)µ, although the LFVs are still zero as far as the diagonal
8Y (= fL = g). We thus consider the upper limit for the absolute value of (g − 2)µ which is given
by
|∆aµ| ≈
∣∣∣∣−|NY |
2
3(4π)2
m2µ
m2k±±
∣∣∣∣ . 40× 10−10, (III.16)
where the last inequality represents the absolute upper bound from the experimental result in
ref. [114]. Combining with Eq. (III.15) and m±±k ≈ 700 GeV, we obtain the following upper mass
bound for the singly charged bosons h±
mh± . 6 TeV. (III.17)
The upper bound plays an role in determining the lower mass bound of h± in analyzing the DM
relic density, as will be discussed below.
C. Dark Matter
We consider fermionic DM candidates X(≡ ψ1), which is assumed to be the lightest and stable
particle, and ψ2, which is assumed to be the meta-stable particle. Here we analyze the one flavor
case for simplicity. Since the mass difference between ψ1 and ψ2 is tiny due to generating the
two-loop level, we have to consider the measured relic density on the co-annihilation system.
Furthermore, the mass of E− is also close to that of DM. Thus we assume to beMX ≈Mψ2 ≈ME
throughout the DM analysis.
Relic density: The relic density of DM is obtained by calculating annihilation and coannihilation
cross sections where our dominant contribution comes from the kinetic term of L′ and the term
with fL. For gauge interactions, the complete analysis is provided in ref. [109]. In addition to
gauge interactions, the (co-)annihilation cross section from the Yukawa interactions is given by
σvrel ≈ |NY |
4r2(1− 2r + 2r2)
48πM2X
v2rel, (III.18)
where r ≡ M2X/(m2h± +M2X). Notice here that we eliminate the NY dependence by substituting
Eq. (III.15). Adding the above p-wave to the effective whole p-wave, we estimate the relic density
in terms of the DM mass as can be seen in Fig. 1, applying the approximated formulae in refs. [87,
115]. In this figure, each of the colored line; (blue, green, red), represents mh± = (6, 4, 2) TeV,
and the black horizontal is the observed relic density; Ωh2 ≈ 0.12 [116]. Notice here that mh± = 6
TeV comes from the upper constraint for the (g − 2)µ discussed in Eq. (III.17).
In case where mh± = 6 TeV, the Yukawa contribution is negligible due to the suppression of
the heavy mass of h±, and the allowed DM mass is about 1.12 TeV, which is consistent of the
9mh±=6 TeV
mh±=4 TeV
mh±=2 TeV
1000 1100 1200 1300 1400
0.09
0.10
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W
h2
FIG. 1: The relic density in terms of the DM mass. Each of the blue, green, and red line corresponds to
mh± = (6, 4, 2) TeV. The black horizontal is the observed relic density; Ωh
2 ≈ 0.12.
result to the ref [109]. 2 It suggests that the lower mass of the singly charged boson is 1.12 TeV
to kinematically forbid the too rapid two body decay X → h+ℓ through the term fL. Therefore,
we obtain the following relation
1.12 TeV . mh± . 6 TeV. (III.19)
In case where mh± = (4, 2) TeV, on the other hand, the contribution from Yukawa interactions
becomes to be relevant in relic density estimation. Thus the value of relic density decrease at the
same DM mass since the (co-)annihilation cross sections become larger. As a result, we obtain
the allowed DM mass at (1.14, 1.2) TeV, respectively.
Photon excess: It might be worth mentioning the photon excess such that the emitting photon
energy Eγ can be replaced by the mass difference (δm) between ψ1 and ψ2. Since our model has
the lower bound; O(200) keV . Eγ to evade the constraint from direct detection searches with
spin independent inelastic scattering process via Z boson portal, the X-ray line at the 3.55 keV
energy cannot be explained. However, we still expect that the other experiments might detect
our energy scale near future. As one of the examples, we focus on the 511 keV photon excess by
2 In this reference, they consider the gauge interactions only.
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INTEGRAL [117] and briefly discuss. The INTEGRAL experiment provides the gamma ray line
flux at around 511 keV as
Φγ(511keV) = (1.05± 0.06)× 10−3 photon cm−2s−1. (III.20)
On the other hand, our gamma ray flux is found as [118]
Φγ(511keV) ≈ 10
27s
2
[
Γ(X2 → Xγ)
MX(MeV
−1)
]
× 10−3 photon cm−2s−1, (III.21)
where
Γ(X2 → Xγ)
MX
≈ αemδm
3MX
64π4m4h±
∣∣∣∣∣
1−3∑
k
Im[(fR)k1(fR)
∗
k2]G
(
M2X
m2h±
)∣∣∣∣∣
2
, (III.22)
G(X) ≡
∫ 1
0
dxx(x− 1)
x2X − (1 +X)x+ 1 . (III.23)
Comparing with our formula and the experimental result, we obtain the following constraint for
the Yukawa couplings fR
1.9× 10−10 .
∣∣∣∣∣
1−3∑
k
Im[(fR)k1(fR)
∗
k2]
∣∣∣∣∣ . 2.0× 10−10 for mh± = 6 TeV(MX = 1.12 TeV), (III.24)
8.2× 10−11 .
∣∣∣∣∣
1−3∑
k
Im[(fR)k1(fR)
∗
k2]
∣∣∣∣∣ . 8.7× 10−10 for mh± = 4 TeV(MX = 1.14 TeV), (III.25)
1.6× 10−11 .
∣∣∣∣∣
1−3∑
k
Im[(fR)k1(fR)
∗
k2]
∣∣∣∣∣ . 1.7× 10−11 for mh± = 2 TeV(MX = 1.2 TeV), (III.26)
where we have used each the solution for (mh± ,MX) in analyzing the relic density. It suggests
that the Yukawa CP phases are very small, and this can easily be realized, satisfying the neutrino
oscillation data.
IV. CONCLUSIONS AND DISCUSSIONS
We have studied radiatively induced neutrino mass model, in which we have used the mass
insertion method to the neutrino sector. As a result, neutrino mass is effectively generated at the
one-loop level with the degenerated neutral fermions masses which obtain mass splitting at the two
loop level. Considering the constraints of LFV processes, we have numerically analyzed the allowed
region search to satisfy the LFVs and the neutrino oscillation data. Then we have discussed the DM
phenomenologies, in which we have firstly investigated the constraint of inelastic scattering direct
detection searches through the SM neutral vector boson portal. The experiment suggests that the
11
mass difference between the degenerated masses should be larger than the order O (200 keV). We
have found the solution to evade this constraint by introducing the multiple charged bosons with
the same quantum number as these fields that we originally be introduced. This modification is in
favor of the recent experimental result of the diphoton excess at the 750 GeV reported by CMS [119]
and ATLAS [120] where multiple charged scalars enhance diphoton decay branching ratio of 750
GeV neutral scalar interacting with these charged scalars [121–131]. However it simultaneously
induces the negative enhancement of the muon anomalous magnetic moment. Considering the
upper absolute value |∆aµ| . 40 × 10−10, we have obtained the upper bound for the singly
charged boson mass; mh± .6 TeV. Applying this upper bound, we have analyzed the DM relic
density with co-annihilation system and found that the dominant annihilation mode comes from
the kinetic term of L′ in case of mh± = 6 TeV. But if the mass of h
± decreases, the value of
relic density also decreases at the same DM mass, therefore the allowed DM mass increases in
fig. 1. Then we have briefly discussed the possibility to detect photon emission through indirect
detection searches larger than our threshold energy ≃ O (200 keV). Here we have focused on the
INTEGRAL experiment at 511 keV photon energy, and we have found that the imaginary part
of Yukawa coupling fR is constrained as
∣∣∑1−3
k Im[(fR)k1(fR)
∗
k2]
∣∣ ≈ O(10−10 − 10−11), depending
on our three bench mark sets of (mh±,MX) obtained by the analysis of relic density.
It might be worth mentioning the muon anomalous magnetic moment in our model. We have
new sources of positive contribution from fR and negative contribution from fL, but the positive
contribution is constrained by the LFVs, therefore fR is typically the order O(0.01) as discussed
before. Hence our total (g − 2)µ tends to be negative value, which is against the experimental
result. Thus we have used this result as the upper bound to restrict the charged boson. If future
experiments could provide a negative contribution, it could still be verifiable.
The extra charged particles could be produced at the LHC since the masses of these particles
are around O(1) TeV in our model. Thus we can test our model by future experiments searching
for exotic charged particles. The detailed analysis is beyond the scope of our study and will be
given in future work.
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